Abstract. We study geometric properties of the integral curves of an implicit differential equation in a neighbourhood of a codimension ≤ 1 singularity. We also deal with the way these singularities bifurcate in generic families of equations and the changes in the associated geometry. The main tool used here is the Lengendre transformation.
with F a germ of a smooth function at q 0 (subscripts denote partial differentiation). These IDEs have been studied extensively and have wide applications in control theory, second order partial differential equations and differential geometry (see for example [1] , [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [12] [13], [15] , [16] , [17] , [18] , [20] , [21] , [22] ). We complete in this paper the study of bifurcations of local codimension 1 singularities of IDEs (1) . We are also interested is the process of drawing the integral curves of an IDE. Usually, the models are up to homeomorphisms (and rarely up to diffeomorphisms). However, this equivalent relation misses aspects of the geometry of the solutions and in some cases makes it difficult to see how one configuration deforms to another (see for example Figure 3 ). We show here that if some (affine invariant) geometric information is included, namely the location of inflections on these curves, then one can draw pictures that are more visually convincing. The inflections are picked up by considering the duals of the solutions of the IDE. These are the integral curves of the differential equation obtained by applying the Legendre transformation to the IDE (1).
FARID TARI
The paper is organised as follows. In section 2 we give an alternative proof of the topological classification of the stable singularities of IDEs (1) . This is done by constructing the homeomorphism that takes the solutions of the IDE to those of the model. In section 3 we study the bifurcations of local codimension 1 singularities. There are three cases to consider. One of them is dealt with in [5] . We give complete proofs for the remaining two cases. We also consider in all the cases the inflection points on the integral curves and the way the inflection set changes in generic families of IDEs. We include this information in the figures.
The results in this paper have applications in differential geometry. For example, they model the bifurcations of the asymptotic curves at degenerate cusps of Gauss. We observe that inflections on asymptotic curves have a geometric significance ( [3] , [6] , [23] ).
2. Stable singularities. An approach for investigating IDEs (1) is given in [21] and [9] . It consists of lifting the bi-valued direction field defined in the plane to a single direction field on the surface of the equation M = F −1 (0). This field is determined by the restriction of the contact form dy − pdx in R 3 to the surface M and is parallel to the vector field
(see [4] ). If 0 is a regular value of F then M is locally smooth and the projection π : M → R 2 , given by π(x, y, p) = (x, y), is a fold at points where F p = 0 and F pp = 0. That is, π can be written in an appropriate system of coordinates in the source and target in the form (u, v) → (u, v 2 ). The critical set F = F p = 0 of this projection is called the criminant and its image is the discriminant of the equation. The configuration of the solution curves of F = 0 are obtained by projecting down those of ξ, i.e. by simply folding them along the criminant (via π).
When ξ is regular at q 0 , it is parallel to ker dπ(q 0 ), so the solutions of F = 0 have cusps along the discriminant. Any two such configurations of integral curves are diffeomorphic (see for example [1] , [4] , [8] , [9] , [17] ).
If ξ has an elementary singularity (saddle/node/focus), then the corresponding point in the plane is called a folded singularity of the IDE ( [10] ). We shall call a stable/unstable manifold of ξ a ξ-invariant curve on M whose tangent at the singularity of ξ is along an eigenspace of this field. The projection of these curves to the plane are called separatrices of the IDE. (This is an abuse of notation at a folded node as the separatrix there, in a sense of separating distinct sectors, is the projection of the strong separatrix of the node singularity of ξ. At a folded saddle, the projection of the separatrices of ξ at the saddle are both separatrices at the folded saddle.) Davydov ([10] ) showed that at folded singularities, the equation is locally smoothly equivalent to p 2 − y + λx 2 = 0, with λ = 0, 1 16 . There are three topological models (see for example [10] , [18] and [11] for more references): a folded saddle if λ < 0, a folded node if 0 < λ < We start with the following observation. An IDE (1) defines two foliations that are transverse away from the discriminant. If we consider the case when ξ has a saddle singularity at q 0 , then the eigenspaces of ξ at the singular point must be GEOMETRIC PROPERTIES OF IDES 3 separated by ker dπ(q 0 ) and the tangent to the criminant, otherwise the configuration obtained by folding the integral curves of ξ will have tangencies away from the discriminant. For the same reason, the eigenspaces of ξ cannot be separated by ker dπ(q 0 ) and the tangent to the criminant at a node singularity. So the configuration of the above lines must be a smooth invariant of the folded saddle and folded node singularity of F . To prove these statements we take the point in the plane to be the origin and write the 2-jet of F as follows
We can set b 0 = c 0 = 0 by an affine change of coordinates in the plane and a 0 = 1 by dividing by a 0 (a 0 = 0 as we are dealing with IDEs (1)). The field ξ is singular if c 10 = 0, and then M = F −1 (0) is locally smooth if and only if c 11 = 0. In this case the surface M is given locally by y = g(x, p), for some germ of a smooth function g. We then project the above lines to the (x, p)-plane (the tangent space of M at the origin). The ker dπ(0) is spanned by (0, 1) and the tangent line to the criminant F = F p = 0 is parallel to (2, −b 10 ). The linear part, at the origin, of the projection of ξ to the (x, p)-plane is represented by the matrix b 10 2 −2c 20 −b 10 − c 11 .
So the eigenspaces are parallel to v i = (2, −b 10 + t i ), i = 1, 2, where t i are the eigenvalues of the above matrix, i.e. are the roots of t 2 +c 11 t+4c 20 −b 10 (b 10 +c 11 ) = 0. (Observe that the eigenspaces are always transverse to ker dπ(0).) It is now not hard to see that the relative position of the eigenspaces with respect to ker dπ(0) and the tangent to the criminant depends only on the sign of t 1 t 2 , i.e. they are separated by the last two lines at a saddle (t 1 t 2 < 0), and not separated at a node (t 1 t 2 > 0). We make use of the above proposition to give an alternative proof of the following result previously proved by several authors; see [11] p.16 for references. Proof. When ξ has an elementary singularity, it is of type saddle/node/focus. An IDE (1) determines a pair of foliation F 1 and F 2 in the plane. One foliation (resp. the other) corresponds to the projection of the integral curves of ξ in one component (resp. the other) of M delimited by the criminant. When ξ has a saddle singularity, then the configurations of F 1 (continuous curves) and F 2 (dashed curves) are as in Figure 2 . The leaves of F 1 and F 2 that are tangent to the discriminant are only of class C 1 and consist of the projection of the union of two half stable/unstable manifolds that lie in the same component of M . We consider the union of F 1 and F 2 . It follows from Proposition 1 and from the fact the the two foliations are transverse away from the discriminant that the configuration of the separatrices (and hence of the remaining curves) is as in Figure  1 , left. We need to show that any such pair of foliations are topologically equivalent. To do so we choose an appropriate neighbourhood U of the singularity as in Figure  1 , left where all the curves, except the thick ones, are solutions of the IDE. We give a positive orientation to the boundary ∂U . The curve segments BC and EF are transverse to the two foliations determined by the IDE and their vertices lie on the separatrices of the equation. (It is always possible to find such segments. If we choose an appropriate neighbourhood containing B and C and disjoint from the discriminant, then the pair of foliations can be modelled by the horizontal and vertical lines. It is clear that a transverse segment to both families of lines can be constructed.) If we choose a neighbourhood U of a folded saddle singularity of another IDE F = 0 in the same way as above, then any increasing homeomorphism h : CDE → C D E , sending vertices to vertices, induces a homeomorphism H from U to U . The homeomorphism H is constructed as follows.
We denote, analogously, F 1 and F 2 the pair of foliations determined by F (inverting continuous and dashed if necessary). We split the neighbourhood U and U into five sectors determined by the discriminant and the separatrices.
A point q in the sector OAB is the intersection of a leaf of F 1 and of F 2 . We slide along the leaf of F 1 until we reach the discriminant, follow from that point the leaf of F 2 to the segment BC and slide from there on the leaf of F 1 to a point q 1 ∈ DE. We slide along the leaf of F 2 which contains q until we reach the segment BC and slide from there on the leaf of F 1 to a point q 2 ∈ DE. Observe that q 2 ≤ q 1 with the chosen orientation of ∂U . The point H(q) is defined as the intersection of the leaves of F 1 and F 2 in O A B obtained by reversing the above process starting from the pair (h(q 1 ), h(q 2 )). As h is increasing, h(q 2 ) ≤ h(q 1 ) and the leaves in consideration do indeed intersect in O A B . We define H similarly in the remaining sectors. It is clear that H is a homeomorphism and preserves integral curves.
The case of the folded node is similar. The homeomorphism is completely determined by any increasing homeomorphism h : ABCDE → A B C D E , sending vertices to vertices.
For the folded focus we consider U as in Figure 1 , right. The point A 0 defines two infinite sequences (A n ) and (B n ) converging to the singularity O (see Figure  1 , right). Let h :
These two leaves define a unique pair of points (q 1 , q 2 ) on A 0 A 1 by sliding along the leaves changing from one type to the other on the discriminant. We define H(q) as the point of intersection of the leaves of F 1 and of F 2 in the triangular sector A n−1 B n−1 A n (or B n−1 A n B n ) obtained by reversing the above process, starting from the pair (h(q 1 ), h(q 2 )) on A 0 A 1 .
3. Codimension 1 singularities and duality. We consider now 1-parameter families of IDEs. We shall adopt, as in [14] (see also [19] ), the notion of fibre topological equivalence for families of multi-valued fields. Two germs of families F t and G s , depending smoothly on the parameters t and s respectively, are locally fibre topologically equivalent if, for any of their representatives, there exist neighbourhoods U and W of 0 in respectively the phase space (x, y) and the parameter space t, and a family of homeomorphisms h t , for t ∈ W , all defined on U such that h t is a topological equivalence between F t and G ψ(t) , where ψ is a homeomorphism defined on W . (Here, the parameter subscript indicates the restriction of the function/map to a fixed value of the parameter. The subscripts using the variables x, y, p continue to indicate partial differentiation with respect to these variables.)
We associate to a family of IDEs F (x, y, t, p) = 0 the jet-extension map
where J k (3) denotes the k-jet space of functions in three variables, and
, which is simply the Taylor expansion of order k of F t at the point (x, y, p). A singularity in the family is of codimension m if the conditions that define it yield a semi-algebraic set V of codimension m + 3 in J k (3), for any k ≥ k 0 . The set V is supposed to be invariant under the natural action of the k + 1-jets of diffeomorphisms in (x, y) and multiplication by non-zero functions in (x, y, p). The family F is said to be generic if the map Φ is transverse to V in J k (3) . Observe that a necessary condition for genericity is that r ≥ m. Our interest here is when m = 1. A singularity of the IDE F (for t fixed) at a smooth point on the discriminant is given by F = F p = F x + pF y = 0. Suppose, without loss of generality, that F y = 0 at q 0 = (x 0 , y 0 , p 0 ), so that the surface of the equation is given by y = g(x, p) for some germ of a smooth function g. So F (x, g(x, p), p) = 0 and F x + g x F y = g p F y + F p = 0. Therefore, the linear part of 
where all the entries are evaluated at q 0 . There are two local singularities of codimension 1 on a smooth discriminant: the folded saddle-node and the folded node-focus. The lifted field ξ has no Poincaré-Andronov (Hopf) bifurcations on a smooth criminant ( [20] ).
The folded saddle-node singularity occurs when ξ has a saddle-node singularity, that is when
together with some open conditions that will be discussed in § 3.1. In this case, a smooth model is given by
, where µ is a parameter modulus.
The folded node-focus singularity occurs when the field ξ has two equal eigenvalues, that is when
(and some open conditions; see § 3.2). It is shown in [13] that in this case the IDE is smoothly equivalent to p 2 − y + 1 16 x 2 = 0. We study in § 3.1 and § 3.2 the way the integral curves of an IDE with the above singularities deform in generic families of equations and investigate the geometry of these curves.
The remaining local codimension 1 singularity occurs when the discriminant has a Morse singularity. This case is studied in [5] and is labelled Morse type 1 singularity there. We look in § 3.3 at the geometry of the integral curves as they deform in a generic family of equations.
Duality results are given in [4] and [6] concerning IDEs (1). This is done by considering the Legendre transformation. We recall that the Legendre transformation in R 3 is given by
. An important property of the Legendre transformation is that the solution curves of the implicit equation
are naturally dual to those of the IDE (1) (see for example [1] ). So if RP 2 denotes the projective plane, the curve representing all the tangent lines to a solution of the IDE (1) is a solution curve of equation (2), and conversely.
The integral curves of an IDE (1) have in general cusps along the discriminant, and the dual of a cusp is generically an inflection. For the IDE F the cusp set (discriminant) is given by F = F p = 0 and the inflection set by F = F x + pF y = 0 (see [6] ). The latter corresponds to the cusp set of the IDE G. When a solution of F has an inflection, the corresponding integral curve of ξ on M has a geodesic inflection (M is viewed here as a germ of a surface in the Euclidean space R 3 ). We shall analyse the configuration of the cusp and inflection sets and the way it changes in generic families of IDEs. Recall that the property that a curve has an inflection at some point is only affine invariant (and not invariant under general diffeomorphisms). So we will restrict to affine changes of co-ordinates in (x, y).
One of the key results in [6] is that the folded singularities are self-dual, that is, F has a folded singularity if and only if G has an folded singularity. A Morse type 1 singularity also dualises to a Morse type 1 singularity.
We consider generic deformations of IDEs (1) with a local singularity of codimension 1 and study the associated family of Legendre transforms. We suppose the point in the plane to be the origin. Given an IDE (1), by the Division Theorem, we can find germs of smooth functions q, r 1 , r 2 such that
with q(0, 0, p 0 ) = 0, and p 0 is the unique solution at the origin. The solutions of F = 0 in a neighbourhood of the origin are precisely those of qF = 0. We can therefore take
without changing the geometry of the integral curves. We can then identify the IDE with the pair of germs of functions (r 1 , r 2 ).
3.1. Folded saddle-node singularity. We take F as in (3) and write
The 2-jet of the discriminant is then given by The above conditions define a smooth semi-algebraic set V 1 in J 3 (2, 2) . The open conditions ensure that V 1 is of codimension 3 in J k (2, 2) for any k ≥ 3, so we have a singularity of codimension 1.
We consider 1-parameter families of the above IDE. We can take here too, by the Division Theorem, the family in the form F (x, y, p, t) = p 2 + r 1 (x, y, t)p + r 2 (x, y, t) and consider the following jet-extension map
We shall study the transversality of Φ and V 1 at a point F 0 ∈ V 1 . We can simplify the calculations by making a linear change of co-ordinates so that the unique direction at the origin is p 
Proposition 2. (i) A 1-parameter family of IDEs F (x, y, p, t) = 0 with F 0 having a folded saddle-node singularity at the origin is generic if and only if
(1 + b 10 ) ∂r 1 ∂t + (2c 21 − (b 10 + 1)b 11 ) ∂r 2 ∂t − 2 ∂ 2 r 2 ∂t∂x = 0,
where the partial derivatives are evaluated at the origin. (ii) The family F is generic if and only if the associated family ξ is a topologically versal unfolding of the saddle-node singularity of ξ 0 .
Proof. (i) We identify polynomials in J 3 (2, 2) with their coefficients. The tangent space of the image of the mapΦ : R 2 × R, 0 → J 3 (2, 2) at the origin is generated by v 1 = j 3 (
∂x ,
∂y ,
∂y ) and v 3 = j 3 (
∂t ,
∂t ). The tangent space to the variety V 1 is the intersection of the kernels of the 1-forms η i = d(C i ), i = 1, 2, 3, where the C i 's are the (closed) conditions defining V 1 . Transversality fails if there exists a non-zero polynomial λ 1 v 1 + λ 2 v 2 + λ 3 v 3 which is in the kernel of all the 1-forms η i . This is the case if and only if the condition in statement (i) of the proposition is violated.
(ii) The statement follows by showing that the family ξ of the lifted fields is a topologically versal unfolding of the saddle-node singularity of ξ 0 if and only if the condition in statement (i) is satisfied. Remarks 1. 1. Let E(3) denotes the set of germs of families of functions F (i.e. IDEs) endowed with the Whitney topology. It follows from Thom's Transversality Theorem that the set of generic families with F 0 having a folded saddle-node singularity at the origin is residual in E(3).
2. The conditions for a folded saddle-node singularity and for a family to be generic depend only on the 3-jet of F .
Theorem 2. Any generic 1-parameter family of an IDE (1) with a folded saddlenode singularity is locally (fibre) topologically equivalent to p
2 − y + x 3 + tx = 0. See Figure 3 .
Proof. The model family has a folded saddle-node singularity at the origin when t = 0 and is generic. Given a generic family F s , it follows from Proposition 2 that the associated lifted field ξ s is a versal deformation of the saddle-node singularity (say at s = 0). So we have a birth of a saddle and a node on one side of the bifurcation (say s < 0) and no singularities on the other side (s > 0).
At s = 0, it is shown in [12] that any IDE with a folded saddle-node singularity is topologically equivalent to p 2 − y + x 3 = 0. One can also proceed as in the proof of Theorem 1. The centre manifold of ξ 0 is tangent to the criminant and the stable/unstable manifold is transverse to it. So folding the integral curves of ξ 0 yields the configuration in Figure 3 , centre. We choose an appropriate neighbourhood of the singularity as shown in Figure 3 , centre, where the segment A 1 A is a curve transverse to the solutions of the equation. The required homeomorphism is constructed as in the proof of Theorem 1 by sliding along integral curves. This homeomorphism is completely determined by a homeomorphism h : ABCD → A B C D that preserves vertices.
For s > 0 the configuration of the integral curves of ξ s consists of a family of cusps, so are topologically equivalent to those of the model for t > 0 (Figure 3 , right).
For s < 0, a key feature of ξ s is that it has an invariant curve that links the saddle and the node and is a stable/unstable manifold at these points (see for example [2] , Corollary in p. 69). The other stable/unstable manifolds are transverse to the criminant. Projecting down yields the configuration in Figure 3 , left. To construct the homeomorphism that takes this configuration to that of the model for t < 0, we proceed as in the proof of Theorem 1 and choose a neighbourhood of the discriminant as in Figure 3 , left. This homeomorphism is completely determined by a homeomorphism h : ABCDEF GH → A B C D E F G H that preserves vertices (Figure 3, left) .
As pointed out in the introduction, although Figure 3 is topologically correct, it misses some aspects of the geometry of the integral curves and this makes it hard to see how the three configurations in Figure 3 are related. We remedy this by considering the associated family of Legendre transforms. We have the following result (where a separatrix indicates the projection of the centre or stable/unstable manifold).
Theorem 3. (i) ([6]) Suppose that the separatrices of an IDE F are not inflectional. Then F has a folded saddle-node singularity if and only if its Legendre transform G has a folded saddle-node singularity. (ii) A 1-parameter family F t of a folded saddle-node singularity at t = 0 is generic if and only if the associated family of Legendre transforms G t is a generic.
Proof. (ii) We compute the 3-jet of the family G t . We find that the family of the lifted fields associated to G t is a versal deformation of the saddle-node singularity at t = 0 if and only if the condition in Proposition 2 (i) is satisfied. Therefore, by Proposition 2 (ii), G t is generic if and only if F t is. (Given a generic family F t , we have a folded saddle and a folded node on one side of the bifurcation and no singularities on the other side. As folded singularities are self-dual, it follows that we have two folded singularities of G t on one side of the bifurcation and no singularities on the other side. This gives a geometric indication why (ii) should be true.) Corollary 1. Let F t be a generic family of IDEs with F 0 having a folded saddle-node singularity at the origin and suppose that the separatrices of F 0 are not inflectional.
As cusps of G t dualise to inflections of F t , we deduce that there is a smooth curve of inflection points on the solution curves of the IDE F t for all t near the origin. This curve is tangent to the discriminant at two points (the newly born folded saddle and folded node) on one side of the bifurcation and at a single point when t = 0. It does not intersect the discriminant on the other side of the bifurcation.
In order to draw the configuration of the solutions of the IDE F t we need to determine the configuration of the discriminant, inflection curve and separatrices (i.e. their relative positions and the way they bend). In fact, it is enough to determine the configuration of the above curves at t = 0. Indeed, consider the two half planes with boundary the common normal line to the above curves at t = 0. The configuration of the curves is determined by that of their components in the half planes (this is also true at folded singularities). At t = 0, the configuration of the curves at the folded singularity on the left (resp. right) is the same as that of the configuration of the curves in the left (right) half plane at t = 0.
We shall take, as before, b 0 = c 0 = c 10 = 0 and c 11 = 1. We then have the following Taylor expansions of the relevant curves at t = 0:
1. the discriminant: y = − Figure 4 .
We consider the configuration of the relevant curves on the surface M 0 in order to determine on which foliation in the plane the inflections occur. We can write, without loss of generality, M 0 as the graph of a function y = h 0 (x, p). The Taylor expansions of the projections to the (x, p)-plane of the relevant curves are as follows.
1. The criminant: We note that at a folded saddle and node, the inflections occur on one foliation (continuous curves) on one side of the inflection curve and on the other foliation (dashed curves) on the other side of the inflection curve. The proof is similar to that of Proposition 2 and is omitted.
Theorem 4. Any generic 1-parameter family of an IDE (1) with a node-focus singularity is locally (fibre) topologically equivalent to p
2 − y + (
Proof. The model family has a node-focus singularity at the origin when t = 0 and is generic. Given a generic family F s , one can show that the associated field ξ s has a node singularity with distinct eigenvalues when s < 0 and a focus singularity when s > 0 (or vice-versa).
At s = 0, it shown in [13] that any IDE with a node-focus singularity is smoothly equivalent to p 2 − y + 1 16 x 2 = 0. The field ξ s has a node singularity (say when s < 0) with two distinct stable/unstable manifolds. At s = 0 these collapse to a single curve which disappears when s > 0 and the singularity becomes then a focus ( Figure 5 ). On both sides of the bifurcation the configurations are topologically equivalent to those of the model (see for example Theorem 1) . The configuration at t = 0 is topologically equivalent to that of a folded node.
We consider now the Legendre transform of F . When F has a folded node (resp. focus) singularity then G has generically either a folded node or a folded focus singularity ( [6] ). We determine now the configuration of the discriminant, the unique separatrix and the inflection set at the singularity. Proof. The proof of (ii) follows by straight forward calculations using Proposition 6.
We determine now the configuration of the discriminant, inflection set and separatrices at t = 0. Both the discriminant and the inflection set have a Morse singularity at the origin. On one side of the bifurcation we have a birth of two folded saddles or foci and no singularities on the other side ( [5] ). The way the Morse singularity of the inflection set bifurcates can be determined from the fact that there is an inflection curve at a folded saddle and folded focus. For example, in Figure 6 where both the discriminant and the inflection sets are isolated points at t = 0, the inflection set bifurcates to a loop when the discriminant does so and is empty when the discriminant is empty. To simplify the calculations we set b 0 = c 0 = c 10 = c 11 = 0. Then the 2-jet of the equation of the discriminant of F is given by 2 + 2b 10 α + c 20 = 0. The configuration of the discriminant, inflection set and separatrices at t = 0 depends on j 3 F 0 at the origin. However, the configuration of their tangent directions depends only on j 2 F 0 . When the discriminant and/or the inflection set consist of a pair of transverse curves, the signs of the slopes of their tangent directions at the origin are affine invariant. We have a distinct configuration of the relevant curves for each given sign. So there are several cases to consider. In Figure 6 we present models modulo the bending of the curves and of the signs of the slopes of their tangents at t = 0. However, Figure 6 gives a complete list of the relative position of the relevant sets (discriminant, inflection set, separatrices).
We observe that at a folded saddle, when the separatrices are between the discriminant and the inflection set, we can have two types of configurations. On one side of the inflection set, we can have inflections on the foliation whose separatrix is closer to this branch of the inflection set or on the other. The same applies for the folded focus. In Figure 6 one folded saddle (focus) is of one type and the other of the other type. 
